ON n-ARY HOM-NAMBU AND HOM-MALTSEV ALGEBRAS 



DONALD YAU 



Abstract. Horn-alternative and Hom-Jordan algebras are shown to give rise to Hom-Nambu 
algebras of arities 2 fe+1 + 1. The class of n-ary Hom-Maltsev algebras is studied. Multiplicative n- 
ary Hom-Nambu-Lie algebras are shown to be n-ary Hom-Maltsev algebras. Examples of ternary 
Hom-Maltsev algebras that are not ternary Hom-Nambu-Lie algebras are given. Ternary Hom- 
Maltsev algebras are shown to arise from composition algebras. 



1. Introduction 

Algebras with n-ary compositions of Lie and Jordan types are important in Lie and Jordan 
theories, geometry, analysis, and physics. Most simple Lie algebras can be obtained from Jordan 
triple systems through the Kantor-Koecher-Tits construction [[l7| |2^, [i3|. On the other hand, Lie 
triple systems give rise to Z/2Z-graded Lie algebras [24], and they are exactly the kind of Lie 
algebras associated to symmetric spaces. In geometry and analysis, Jordan triple systems are used 
in the classification of symmetric spaces || |9|, Q |2f| |2f| . 

In physics n-ary algebras appear in a number of different contexts. For instance, Nambu me- 
chanics |56| involves n-ary Nambu algebras, in which the n-ary composition is a derivation. This 
derivation property, called the n-ary Nambu identity, generalizes the Jacobi identity in Lie algebras. 
In particular, Lie triple systems are ternary Nambu algebras with two further properties. Lie triple 
systems can be used to construct solutions of the Yang-Baxter equation |}7| . Superconformal alge- 
bras can be realized by Jordan triple systems 13, lj]. An n-ary Nambu algebra whose product 



is anti-symmetric is called an n-ary Nambu-Lie algebra. Ternary Nambu-Lie algebras with some 
extra structures appear in the work of Bagger and Lambert on M-branes [B . Other applications of 
n-ary algebras in physics are discussed in, e.g., |(| \f[ [38f. 

Horn-type generalizations of n-ary Nambu(-Lie) algebras, called n-ary Hom-Nambu(-Lie) alge- 
bras, were introduced by Ataguema, Makhlouf, and Silvestrov in jjj . Each n-ary Hom-Nambu(-Lie) 
algebra has n — 1 linear twisting maps, which appear in a twisted generalization of the n-ary Nambu 



identity called the n-ary Hom-Nambu identity (see Definition 2.9). If the twisting maps are all equal 
to the identity, one recovers an n-ary Nambu(-Lie) algebra. The twisting maps provide a substantial 
amount of freedom in manipulating Nambu(-Lie) algebras. For example, in || it is demonstrated 
that some ternary Nambu-Lie algebras can be regarded as ternary Hom-Nambu-Lie algebras with 
non-identity twisting maps. 

Binary Hom-Nambu-Lie algebras, usually called Horn-Lie algebras, originated in ||l5| in the study 
of (/-deformations of the Witt and the Virasoro algebras. Horn-associative algebra was defined in 
|29[. Horn-Lie algebras are to Horn-associative algebras as Lie algebras are to associative algebras 
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29, Q. Other Hom-type algebras can be found in |?J - |o| and @ gTj, ||| pj. Horn-quantum 
groups and the Horn- Yang-Baxter equations have been studied by the author in 




Let us recall several known constructions of n-ary Hom-Nambu(-Lie) algebras. In ]3| it is shown 
that n-ary Nambu(-Lie) algebras can be twisted along self-morphisms to yield n-ary Hom-Nambu(- 
Lie) algebras. This twisting construction is a generalization of a result about G-Hom-associative 



algebras due to the author f4q| . In it is shown that ternary Virasoro-Witt algebras 10 can be 
g-deformed into ternary Hom-Nambu-Lie algebras. In Q it is shown that a ternary Hom-Nambu-Lie 
algebra can be obtained from a Horn-Lie algebra together with a compatible linear map and a trace 
function. 

Some further properties of n-ary Hom-Nambu(-Lie) algebras were established by the author in |5(| . 
A unique feature of Hom-type algebras is that they are closed under twisting by suitably defined self- 
morphisms. For example, it is shown in |56| that the category of n-ary Hom-Nambu(-Lie) algebras 
is closed under twisting by self-weak morphisms. If one begins with an n-ary Nambu(-Lie) algebra, 
then this closure property reduces to the twisting construction for n-ary Hom-Nambu(-Lie) algebras 
in 0. Therefore, conceptually one can regard the category of n-ary Hom-Nambu(-Lie) algebras as 
an extension of the category of n-ary Nambu(-Lie) algebras that has this closure property. 

Furthermore, it is proved in p6[ that every multiplicative n-ary Hom-Nambu algebra yields a 



sequence of Hom-Nambu algebras of exponentially higher arities (see Theorem 4.2). Going in the 
other direction, it is shown in |5rj] that, under suitable conditions, an n-ary Hom-Nambu(-Lie) algebra 
reduces to an (n — l)-ary Hom-Nambu(-Lie) algebra. Horn- Jordan and Horn-Lie triple systems were 



also defined in [[36|, which generalize Jordan and Lie triple systems jl6|, 24, B2J. A Horn-Lie triple 
system is automatically a ternary Hom-Nambu algebra, but it is usually not a ternary Hom-Nambu- 
Lie algebra because its ternary product is not assumed to be anti-symmetric. It is proved in |56f 
that Horn-Lie triple systems, and hence ternary Hom-Nambu algebras, can be obtained from Horn- 



Jordan triple systems (see Theorem 2.8), ternary totally Horn-associative algebras M, multiplicative 



Horn-Lie algebras, and Horn-associative algebras. 

There are two main purposes in this paper. First, we show that Horn-alternative and Horn- Jordan 
algebras yield Hom-Nambu algebras of arities 2 fe+1 + 1. In fact, we show that multiplicative Horn- 
Jordan algebras have underlying Horn- Jordan triple systems, generalizing a well-known fact about 
Jordan algebras and Jordan triple systems. Then we combine it with results from |5f| |5(| to realize 
Hom-Nambu algebras using Horn-alternative and Horn- Jordan algebras. These results provide a 
large class of Hom-Nambu algebras that are usually not Hom-Nambu-Lie algebras. Second, we 
introduce and study n-ary Hom-Maltsev algebras, which include multiplicative n-ary Hom-Nambu- 
Lie algebras. A description of the rest of this paper follows. 

In section ^ we recall some properties of Horn- Jordan algebras and Horn- Jordan triple systems. In 
particular, we recall from p5| that multiplicative Horn-alternative algebras are Horn- Jordan admis- 



sible (Theorem |2.5|) . Also we recall from |56| that Horn- Jordan triple systems give rise to Horn-Lie 



triple systems through the Meyberg construction (Theorem |2.8|). 



It is well-known that Jordan algebras have underlying Jordan triple systems (Corollary 3.11). In 



section^ we show that there is a Hom-type analogue of this fact, i.e., that multiplicative Horn- Jordan 



algebras have underlying multiplicative Horn- Jordan triple systems (Theorem 3.1). The proof of this 



result is an intricate calculation involving the left multiplication operators in a Horn- Jordan algebra. 



ON n-ARY HOM-NAMBU AND HOM-MALTSEV ALGEBRAS 



3 



It is observed in section^ that multiplicative Horn- Jordan algebras have underlying multiplicative 
Horn-Lie triple systems, and hence multiplicative ternary Hom-Nambu algebras (Corollary 4.1). 
Furthermore, every multiplicative Horn- Jordan algebra gives rise to a sequence of multiplicative Hom- 
Nambu algebras of arities 2 fe+1 + 1 (Corollary 4.3). The author showed in |55| that multiplicative 
Horn-alternative algebras are Horn- Jordan admissible. It follows that multiplicative Horn-alternative 
algebras also yield multiplicative Horn- Jordan triple systems (Corollary 4J5) and multiplicative Hom- 
Nambu algebras of arities 2 k+1 + 1 (Corollaries 4.6 and 4.7). 

In section || we define n-ary Hom-Maltsev algebras. They include Pozhidaev's n-ary Maltsev 
algebras (39) (when the twisting maps are all equal to the identity) and the author's Hom-Maltsev 
algebras |55| (when n = 2). Maltsev algebras were introduced by Maltsev who called them 
Moufang-Lie algebras. Lie algebras are examples of Maltsev algebras, but there are plenty of non-Lie 

p3|,P, 



Maltsev algebras 



Maltsev algebras are important in the geometry of smooth loops 



B5| > [41| . We show that the category of n-ary Hom-Maltsev algebras is closed under twisting by self- 
morphisms (Theorem 5A). Then we show that ternary Hom-Maltsev algebras can be constructed 
from composition algebras with involution (Corollary |5.9[ ). As an example, we show that the octonion 
algebra carries many ternary Hom-Maltsev algebra structures that are not ternary Hom-Nambu-Lie 
algebras (Example 5.10 ). 

Two further properties of n-ary Hom-Maltsev algebras are established in section || These results 
are Horn-type generalizations of Pozhidaev's results |3^] about n-ary Maltsev algebras. First, we 
show that every multiplicative n-ary Hom-Nambu-Lie algebra is also an n-ary Hom-Maltsev algebra 
(Theorem |6.2[ ) . Second, we show that under some conditions n-ary Hom-Maltsev algebras give rise 
to (n — /c)-ary Hom-Maltsev algebras (Theorem 6.5). Using this result, we show how Hom-Maltsev 
algebras arise from composition algebras with involution (Corollaries 6.7 and 3.S). 



2. HOM-JORDAN ALGEBRAS AND HOM- JORDAN TRIPLE SYSTEMS 

The purpose of this section is to recall some basic properties of Horn- Jordan algebras |35| and 
Horn- Jordan triple systems |56| . 

2.1. Conventions. Throughout this paper we work over a fixed field k of characteristic 0. The 
dimension of a k-module V is denoted by dim(y). If V is a k-module and /: V — > V is a linear map, 
then /" denotes the composition of n copies of / with f° = Id. For i < j, elements Xi,...,Xj G V 
and maps /, : V — > V with j — i = I — k, we use the abbreviations 

Xi^j (Xi , , ■ • • , Xj ) , 

f(xi,j) = {f(xi)J{x i+1 ), . . . , f{ Xj )), (2.1.1) 

fk,l{ X i,j) = (fk{Xi),fk+l(x i+ l), ■ ■ ■ ,fl(Xj)). 

For i > j, the symbols Xij, f(Xij), and fk,i(xij) denote the empty sequence. For a bilinear map 
fi; V® 2 — > V, we often write n(x,y) as the juxtaposition xy. Denote by [i op the opposite map, 
H op {x,y) = n{y,x). 

Let us begin with the following basic definitions. 
Definition 2.2. Let n > 2 be an integer. 
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(1) An n-ary Hom-algebra (V, [, ... , ], a) with a = (a\, . . . , a„_i) || consists of a k-module 
V, an n-linear map [,...,]: V® n — > V, and linear maps oti : V —> V for i = 1, . . . , n — 1, 
called the twisting maps. 

(2) An n-ary Hom-algebra (V, [, ... ,],a) is said to be multiplicative if the twisting maps are 
all equal, i.e., ot\ — ■ ■ ■ — u n -\ = a, and a o [,..., ] = [,...,] o a® n . 

(3) A weak morphism /: V — > U of n-ary Hom-algebras is a linear map of the underlying 
k-modules such that / o [, ... ,]y = [, ... ,]y o A morphism of n-ary Hom-algebras is a 
weak morphism such that / o (ajy = (otiju o f for i = 1, . . .n — 1 

(4) The n-ary product [, ... ,] in an n-ary Hom-algebra V is said to be anti-symmetric if 

[a;i, ...,i n ] = e(<r)[zcr(i),- ■ ■ >Xo{n)] 
for all Xi € V and permutations a on n letters, where e(cr) is the signature of a. 

An n-ary Hom-algebra V in which all the twisting maps are equal, as in the multiplicative case, 
will be denoted by (V, [, ... ,],«), where a is the common value of the twisting maps. An n-ary Hom- 
algebra is called binary or ternary if n = 2 or 3, respectively. An n-ary algebra in the usual sense 
is a k-module V with an n-linear map [, ...,]: V® n — > V. We consider an n-ary algebra (V, [, ... ,]) 
also as an n-ary Hom-algebra (V, [, ... , ], Id) in which all n — 1 twisting maps are the identity map. 
Also, in this case a weak morphism is the same thing as a morphism, which agrees with the usual 
definition of a morphism of n-ary algebras. 

Next we recall the Horn-type generalizations of associative, alternative, Jordan, and flexible alge- 
bras. 

Definition 2.3. (1) A Hom-algebra is a binary Hom-algebra (A,fi, a). 

(2) The Hom-associator of a Hom-algebra (A, u, a) [^9| is the trilinear map as a ■ A® 3 — > A 
defined as 

asA = /io(/(®«-a® fx). (2.3.1) 
A Horn-associative algebra [^9| is a Hom-algebra whose Hom-associator is equal to 0. 

(3) A Hom-alternative algebra ]27| is a Hom-algebra whose Hom-associator is anti- 
symmetric. 

(4) A Horn-Jordan algebra |35| is a Hom-algebra (A, fi, a) such that fi = fi op (commutativity) 
and the Hom-Jordan identity 

as A (x 2 ,a(y),a(x))=0 (2.3.2) 

is satisfied for all x,y G A, where x 1 — fj,(x, x). 

(5) A Horn-flexible algebra |2^] is a Hom-algebra (A, /i, a) that satisfies 

asA(x,y,x) = 

for all x, y € A. 

It follows immediately from the definitions that Horn-associative algebras are also Hom-alternative 
algebras, which are themselves Horn-flexible algebras. Also, the commutativity of the multiplication 
implies that Hom-Jordan algebras are also Horn-flexible algebras. 

Construction results and examples of Horn-associative, Hom-alternative, and Hom-Jordan alge- 
bras can be found in JIS) , |^7j , and |5j| , respectively. 
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Remark 2.4. In p7| Makhlouf denned a Horn- Jordan algebra as a commutative Hom-algebra 
satisfying asA{x 2 , y, a{x)) — 0, which becomes our Horn- Jordan identity ( 2.3.2 ) if y is replaced 



by a(y). Using Makhlouf 's definition of a Horn- Jordan algebra, Horn-alternative algebras are not 
Horn- Jordan admissible, although Horn-associative algebras are still Horn- Jordan admissible |^7) . 

It is well-known that alternative algebras are Jordan admissible jl2|. Using the definition in 
( E.3.2| ), the Horn -version is also true. In fact, multiplicative Horn-alternative algebras are Horn- 



Jordan admissible in the following sense. 

Theorem 2.5 ( |pq| ). Let (A,fi,a) be a multiplicative Horn- alternative algebra. Then A is Horn- 
Jordan admissible, in the sense that the Hom-algebra 

A + = (A, *,a) 

is a multiplicative Horn- Jordan algebra, where * = (/i + /i op )/2. 



The Hom-algebra A + = (A, *, a) in Theorem 2.5 is called the plus Hom-algebra of A. Note 
that x 2 is the same whether we use \i or the Jordan product *, since n(x, x) = x * x. 

Actually, a multiplicative Horn-alternative algebra is also Hom-Maltscv admissible, in the sense 
that the commutator Hom-algebra 

A- = {A, [,]=/z-/x *» 

is a Hom-Maltsev algebra ]55| . However, we do not need this result in this paper. Higher arity 
generalizations of Hom-Maltsev algebras will be discussed in later sections. 



Using Hom-flcxibility and commutativity, the Horn- Jordan identity (2.3.2) can be linearized in 
the following way. 

Proposition 2.6 (f35|). Let (A,/i,a) be a Horn-Jordan algebra. Then 

O x.w.z as A (a(x), a(y), wz) = (2.6.1) 
for all w,x,y,z £ A, where O x ,w,z denotes the cyclic sum over (x,w,z). 



We call (2.6.1) the linearized Horn-Jordan identity. 

Next we recall some ternary Hom-algebras from [ |56[ . 

Definition 2.7. (1) A Hom-triple system is a ternary Hom-algebra (V, {, , }, a = (cui, o^))- 

(2) A Hom-Jordan triple system is a Hom-triple system (J, {, , },a) that satisfies 

{xyz} — {zyx} (outer-symmetry) (2-7.1) 
and the Hom-Jordan triple identity 

{ai(x)a 2 (y){uvw}} - {a 1 {u)a 2 {v){xyw}} 

= {{xyu}ai(v)a 2 (w)} - {ai(u){yxv}a 2 (w)} 

for all u, v, w,x,y G J. 

(3) A Hom-Lie triple system is a Hom-triple system (L, [, , ], a) that satisfies 

[uvw] = —[vuw] (left anti-symmetry), 

= [uvw] + [wuv] + [vwu] (ternary Jacobi identity), 



(2.7.2) 



(2.7.3) 
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and the ternary Hom-Nambu identity || 

[ai(x)a2(y)[uvw]} = [[xyu]a\{v)a2{w)] + [ai(u)[xyv]a2(w)] + [ai(u)a2(v)[xyw]} (2.7.4) 
for all u, v, w,x,y G J. 

When the twisting maps ai are both equal to the identity map, we recover the usual notions of 
a Jordan triple system |32j and a Lie triple system |24j. So Jordan and Lie triple systems 
are examples of multiplicative Horn- Jordan and Horn-Lie triple systems, respectively. In the special 
case when both twisting maps are the identity map, we call ( 2.7. 2j ) the Jordan triple identity. 



Construction results and examples of Horn- Jordan and Horn-Lie triple systems can be found in 



56 . In particular, Horn-Lie triple systems can be constructed from Horn- Jordan triple systems, 



ternary totally Hom-associative algebras g, Hom-associative algebras, and Horn-Lie algebras. 

Generalizing an observation of Meyberg Q (XI Theorem I), one can show that Horn- Jordan 
triple systems give rise to Horn-Lie triple systems in the following way. 

Theorem 2.8 ( f36f ). Let (J, {,,},«) be a Horn-Jordan triple system with equal twisting maps. 
Define the triple product 

[xyz] = {xyz} - {yxz} (2.8.1) 

for x, y, z G J . Then L(J) = (J, [, , ], a) is a Horn-Lie triple system. Moreover, if J is multiplicative, 
then so is L(J). 

Horn-Lie triple systems are related to Hom-Nambu algebras [||, which we now recall. 
Definition 2.9. Let (V, [,...,], a = (a±, . . . , a„_i)) be an n-ary Hom-algebra. 

(1) The n-ary Hom-Jacobian of V is the (fin — l)-linear map Jy : v^ 2 "^ 1 — > V defined, using 



the shorthand in ( 2.1.1 ), as 



J v (x ltn -i; £/!,„) = [ai, n _i(xi, n _i), [yi, n ]\ 

" (2.9.1) 

i=l 

for xi,...,x n -i,yi,...,y n G V. 

(2) An n-ary Hom-Nambu algebra || is an n-ary Hom-algebra V that satisfies the n-ary 
Hom-Nambu identity J v = 0. 

(3) An n-ary Hom-Nambu-Lie algebra [|| is an n-ary Hom-Nambu algebra in which the 
n-ary product [, ... ,] is anti-symmetric. 

When the twisting maps are all equal to the identity map, n-ary Hom-Nambu algebras and n-ary 
Hom-Nambu-Lie algebras are the usual n-ary Nambu algebras and n-ary Nambu-Lie algebras 

ith 



38| . In this case, the n-ary Hom-Jacobian Jy is called the n-ary Jacobian ||llj, and the 
n-ary Hom-Nambu identity Jy — is called the n-ary Nambu identity. Construction results and 
examples of n-ary Hom-Nambu(-Lie) algebras can be found in |l], |5(| . 



In terms of the ternary Hom-Jacobian ( 2.9.1 ), the ternary Hom-Nambu identity ( 2.7.4 ) is equiva- 
lent to J\ — 0. Therefore, Horn-Lie triple systems are automatically ternary Hom-Nambu algebras. 
Note that the ternary product in a Horn-Lie triple system is only assumed to be left anti-symmetric. 
So Horn-Lie triple systems are in general not ternary Hom-Nambu-Lie algebras. 
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3. From Hom- Jordan algebras to Hom- Jordan triple systems 

It is known that Jordan algebras give rise to Jordan triple systems. The main result of this section 
is the following Hom- version of this fact. 

Theorem 3.1. Let (A,fi,a) be a multiplicative Horn-Jordan algebra. Define the triple product 

{xyz} = a(x)(yz) + (xy)a(z) - a(y)(xz) (3.1.1) 
for x,y, z £ A, where /i(x, y) = xy. Then 

A T = (A, {,,}, a 2 ) 
is a multiplicative Horn-Jordan triple system. 

Note that the twisting map of At is a 2 , not a. 



The proof of Theorem 3.1 requires a series of Lemmas about Hom- Jordan algebras. Let us 
introduce some notations. In what follows, to simplify the typography, the composition of two maps 
will be written as fg rather than fog. 

Definition 3.2. Let (A,n,a) be a Hom-algebra. For w,x,y,z £ A, define the linear maps L(x), 
L(x, y), L(x, y, z), L(w, x, y, z), and L xy on A by: 

L{x){w) — xw, 

L{x lV ) = L(a(x))L(y) - L(a(y))L(x), 

L(x, y, z) = L(a(x),a(y))L(z) - L(a 2 (z))L(x, y), 

L(w,x,y,z) = L(a(w),a(x),a(y))L(z) - L(a 3 (z))L(w,x,y), 

L xy = L(xy)a + L(x, y). 

In other words, L{x) is the operator of left multiplication by x. To interpret L(x,y), L(x,y,z), 
and L(w, x, y, z), consider the special case a = Id. In this case, we have 
L(x, y) = L(x)L(y) - L{y)L{x) = [L(x), L(y)}, 
L(x,y,z) = [L{x,y),L{z)\ = [[L(x),L(y)],L(z)], 
L(w,x,y,z) = [L(w,x,y),L(z)} = [[[L(w), L(x)}, L(y)}, L(z)}, 

where [,] denotes the commutator bracket. So in general L(x,y), L(x,y,z), and L(w, x,y, z) 
are Horn-type analogues of the commutator bracket [L(x),L(y)] and the iterated brackets 
[[L(x),L(y)],L(z)} and [[[L(w), L(x)}, L(y)}, L(z)]. Finally, applying L xy to z e A, we have 

L xy (z) = (xy)a(z) + a(x)(yz) - a(y)(xz), (3.2.1) 

which is the triple product {xyz} in ( |3 .1.1 ). In other words, 



Lxy = {xy{-)} 



is the left multiplication operator with respect to the triple product in (3.1.1) 



Now we consider some basic properties of these linear operators. The next Lemma will be used 
below often without further comment. 

Lemma 3.3. Let (A, /i, a) be a multiplicative Hom-algebra with ii commutative. Then for all x,y, z G 
A, we have: 

(1) L(x)(y) = L(y)(x). 
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(2) L(x + y)=L(x) + L(y). 

(3) L(x,y) = -L{y,x). 

(4) aL(x) — L(a(x))a. 

(5) aL(x, y) = L(a(x), a(y))a. 

(6) aL(x,y, z) — L(a(x), ct(y), a(z))a. 



Proof. All the assertions are immediate from Definition 3.2. 



□ 



We will need the following operator form of the linearized Horn- Jordan identity (2.6.1). 
Lemma 3.4. Let (A,/j,,a) be a multiplicative Horn- Jordan algebra. Then 

x ,w,z L(a(x), wz)a = 
for all w,x,z £ A, where Ox,w,z denotes the cyclic sum over x, w, and z. 

Proof. By the commutativity of /i, the linearized Horn- Jordan identity ( |2 .6.1 ) can be rewritten as 
= O x ,w,z {L(a(wz))L(a(x)) - L(a 2 {x))L(wz)} a(y) 

= O x ,w : z L(wz, a(x))a(y) 

= -O x ,w,z L(a(x), wz)a(y). 
This proves the Lemma. □ 

In a Jordan algebra, it is known that the commutator [L(x), L(y)] of two left multiplication 
operators is a derivation Q (Chapter IV). One way to express this derivative property is 

L([L(x),L(y)]z) = [[L(x),L(y)],L(z)}. 

The following Lemma is the Horn- version of this fact. 

Lemma 3.5. Let (A,fi, a) be a multiplicative Horn-Jordan algebra. Then 

L(L(x,y)z)a 2 = L(x,y,z) 

for all x,y,z £ A. 



(3.5.1) 



(3.5.2) 



Proof. First observe that by definition, 

L(x,y,z) = L(a 2 (x))L(a(y))L(z) - L(a 2 (y))L(a(x))L(z) 

- L(a 2 (z))L(a(x))L(y) + L{a 2 {z))L{a{y))L{x). 

Using the commutativity of /i and the multiplicativity of a and regarding the linearized Horn- Jordan 
identity (2.6.1) as an operation on w, we can rewrite it as: 

= L(a(xy))L(a(z))a - L(a 2 (x))L(a(y))L(z) 

+ L{a(zy))L(a(x))a - L(a 2 (z))L(a{y))L(x) (3.5.3) 

+ L{a{zx))L{a{y))a — L(a(y)(xz))a 2 . 

Note that the sum of the three terms on the right-hand side of ( |3.5.5 ) with a plus sign is symmetric 
in x and y. Therefore, switching x and y in ( 3.5.3| ), subtracting the result from ( 3.5.3 ), and then 
using ( 3.5. 2j ), we obtain the desired identity ( 3.5.l| ). □ 
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triple identity fl2.7.2 



that L xy (z) = {xyz}, the triple product in ( |3.1.1| ). Therefore, the Horn- Jordan 
for At — (A, {, , }, a 2 ) in Theorem |3.l| becomes 



L a 2 (x)u 2 (y)Luv ~ L a 2 ( U ) Q 2 L xy - L{ xyu } a 2 ^a 2 + L a 2^ u ^ yxv ^a 2 — (3.5.4) 



for all u, v, x, y G A. In the next several Lemmas, we compute the four terms in (3.5.4) in terms of 
the other operators in Definition 3^. The following Lemma is about the first term in ( |3.5.4 ). 



Lemma 3.6. Let (A, [i, a) be a multiplicative Horn- Jordan algebra. Then 

L a 2( x )a 2 (y) L uv = L(a 2 (xy))L(a(uv))a 2 + L(a 2 (x),a 2 (y))L(uv)a 

+ Lie? (xy))L(ct(u) , a(v))a + L(a 2 (x), a 2 (y))L(u, v) 

for all u, v,x,y G A. 



(3.6.1) 



Proof. From Definition [3.2| we have 

L a 2( x ) a 2( y )L uv = (L(a 2 (x)a 2 (y))a + L(a 2 (x),a 2 {y))) (L(uv)a + L(u,v)) . 

The desired identity is obtained by expanding this product, using the multiplicativity of a and 
Lemma 3.3. □ 



Switching (x,y) with (m, v) in Lemma 3.6, we obtain the following result, which computes the 
second term in ( 3.5.4| ). 

Lemma 3.7. Let (A,fj,,a) be a multiplicative Horn-Jordan algebra. Then 

L a 2(u)u2(v)L xy = L(a 2 {uv))L{a{xy))a 2 + L(a 2 (u),a 2 (v))L(xy)a 

(3.7.1) 

+ L(a 2 (uv))L(a(x), a(y))a + L(a 2 (u),a 2 (v))L(x, y) 

for all u, v,x,y G A. 



Using the previous two Lemmas, the first two terms in ( 3.5.4 ) are computed in the following 
Lemma. 

Lemma 3.8. Let {A, /i,a) be a multiplicative Horn-Jordan algebra. Then 

L(a 2 {xy))L{a{uv))a 2 — L(a 2 (uv))L(a{xy))a 2 = L(a(xy),a(u)a(v))a 2 , 
L(a 2 (x), a 2 (y))L(uv)a — L(a 2 (uv))L(a(x) , a(y))a — L(L(a(x),a(y))(uv))a 3 , 
L(a 2 (xy))L(a(u), a(v))a — L(a 2 (u),a 2 (v))L(xy)a 

= L(L(a 2 (v))L(a(u))(xy))a 3 - L(L(a 2 (u))L(a(v))(xy))a 3 , 
L(a 2 (x),a 2 (y))L(u,v) - L(a 2 (u), a 2 (v))L(x, y) 

= L(x, y, it, v) + L(y, x, v, u) 

for all u, v,x,y G A. 

Proof. The first equality is immediate from the definition of L{x,y). The second equality holds 
because both sides are equal to L(a(x), a(y), uv)a by Lemma 3.5. The third equality holds because, 
by Lemma 3.5, both sides are equal to 

— L(a(u), a(v), xy)a = —L(L(a(u) 7 a(v))(xy))a 3 . 
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For the last equality, observe that by definition, 

L(x,y,u,v) = L(a 2 (x), a 2 (y))L(a(u))L(v) - L(a 3 (u))L(a(x), a(y))L{v) 

- L{a 3 {v))L{a{x) 1 a{y))L{u) + L{a 3 {v))L{a 2 {u))L{x,y). 

Therefore, switching (x,y) with (y,x) and (it, v) with (v, u) and adding the result to L(x,y,u,v), 
we obtain 

L(x,y,u,v) + L(y,x,v,u) = L(a 2 (x) , a 2 (y)){L(a(u))L(v) - L(a(v))L(u)} 

- {L(a 3 (u))L{a 2 (v)) - L(a 3 {v))L{a 2 (u))}L{x, y) 
= L(a 2 (x),a 2 (y))L(u,v) - L(a 2 (u),a 2 (v))L(x,y). 
This proves the last equality. □ 



Next we compute the third term in (3.5.4). 

Lemma 3.9. Let (A,fi,a) be a multiplicative Horn- Jordan algebra. Then 
L{ xyu } a 2(v)a 2 = L(L(a 2 (v))L(a(u))(xy))a 3 

+ L{L(a{x) 1 a(y))(uv))a 3 - L(L(a 2 (u))L(x 7 y)(v))a 3 
— L(a 2 (v), (xy)a(u))a 2 + L(x, y, u, v) 

for all u, v,x,y 6 A, where {, , } is the triple product in ( |3.1.l| ). 



Proof. By definition and Lemmas p.3| and 3.5, we have 

L{ X yu} a i(v)Ci 2 = L({xyu}a 2 (v))a 3 + L({xyu},a 2 (v))a 2 

= L{L{L{xy){a{u)))(a 2 {v)))a 3 + L(L(L(x, y)(u))(a 2 (v)))a 3 
+ L(a{xyu})L(a 2 (v))a 2 - L(a 3 {v))L({xyu})a 2 

(3.9.1) 

= L(L(a 2 {v))L(a(u))(xy))a 3 + L(L(x,y, u){v))a 3 

+ L(a(xy)a 2 (u)) L(a 2 (v))a 2 + L(a{x), a(y), a(u))L(v) 
- L(a 3 (v))L({xy)a(u))a 2 - L(a 3 (v))L(x,y,u). 
In the last equality in ( |3.9.l| ), we used the fact 

L({xyu}) = L(L(xy)(a(u))) + L(L(x,y)(u)). 
Together with Lemma |3.5| , this implies 

-L(a 3 (v))L({xyu})a 2 = -L(a 3 (v))L((xy)a(u))a 2 - L(a 3 (v))L(x, y, u) 

and 

L(a{xyu}) L(a 2 (v))a 2 = L({a(x)a(y)a(u)})a 2 L(v) 

= L{L{a{x)a{y)){a 2 ' {u)))a 2 L(v) + L(L{a(x),a(y))(a(u)))a 2 L{v) 
= L(a(xy)a 2 (u))L(a 2 (v ))a 2 + L(a(x), a(y), a(u))L(v). 
The Lemma follows from ( |3.9.1 ) by Definition 3.2. □ 



With an argument similar to the proof of Lemma 3.9, we compute the fourth term in (3.5.4). 
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Lemma 3.10. Let (A,fi, a) be a multiplicative Horn-Jordan algebra. Then 

L a z(u){yxv}a 2 = L(L(a 2 (u))L(a(v))(xy))a 3 - L(L(a 2 (u))L(x,y)(v))a 3 
+ L(a 2 (u), a(v)(xy))a 2 — L(y,x,v, u) 
for all u, v,x,y € A, where {, , } is the triple product in ( |3.1.l| ). 

Proof. As in the proof of Lemma |3.9| , we compute as follows: 

L a 2( u ){yxv}a 2 = L(a 2 (u){yxv})a 3 - L({yxv}, a 2 {u))a 2 

= L{L(a 2 {uj)L{yx){a{v)))a 3 + L{L(a 2 (u))L{y,x){v))a 3 
+ L(a 3 (u))L((xy)a(v))a 2 - L(a(xy)a 2 {v))L(a 2 (u))a 2 
+ L(a 3 (u))L(y, x, v) — L(a(y),a(x), a(v))L(u). 



The desired equality now follows from the commutativity of /i, Definition 3.2, and Lemma 3.3 □ 



We are now ready to prove Theorem 3.1 



Proof of Theorem 3.1. It is clear that At = (A, {, , }, a 2 ) is multiplicative and that the triple product 
{, , } is outer-symmetric, since \x is commutative. It remains to prove the Horn- Jordan triple identity 
( |2.7.2| ) for At, which takes the form ( p. 5.4 ). Using Lemma 3.6 - Lemma |3.10| , the left-hand side of 



(3.5.4) is equal to 



L(a(xy), a(u)a(v))a 2 + L(a 2 (v), {xy)a{u))a 2 + L(a 2 (u), a(v)(xy))a 2 
= ( xy , a (u), a (v)) L(a(xy),a(u)a(v))a 2 , 
in which the cyclic sum is taken over xy, a(u), and a(v). This cyclic sum is equal to by Lemma 



3.4 



as desired. 



□ 



If a = Id in Theorem 3.1, then we obtain the following well-known method of obtaining a Jordan 
triple system from a Jordan algebra. 

Corollary 3.11. Let A be a Jordan algebra. Then [A, {, , }) is a Jordan triple system, where 

{xyz} = x(yz) + (xy)z - y(xz) 

for x,y,zE A. 



4. Hom-Nambu algebras from Hom-Jordan and Hom-alternative algebras 



In this section, we discuss how Hom-Nambu algebras (Definition 2.9) of different arities arise from 
Hom-Jordan and Hom-alternative algebras. 



Recall from Theorem 2.8 that every Hom-Jordan triple system with equal twisting maps has 



an underlying Horn-Lie triple system. Therefore, combining Theorems 2.8 and 3.1, we obtain the 



following method of constructing a Horn-Lie triple system, and hence a ternary Hom-Nambu algebra, 
from a Hom-Jordan algebra. 

Corollary 4.1. Let (A,fj,,a) be a multiplicative Hom-Jordan algebra. Then 

Al — (A, [,,},a 2 ) 
is a multiplicative Horn-Lie triple system, where 

[xyz] = 2 (a{x)(yz) - a(y)(xz)) (4.1.1) 
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for x,y,z G A. 

Proof. The expression for the triple product [, , ] is obtained from ( |3.1.l| ) by switching x and y and 
subtracting the result from ( |3.1.l| ). □ 

It is shown in [f5(| that every multiplicative n-ary Hom-Nambu algebra gives rise to a sequence of 
Hom-Nambu algebras of exponentially higher arities. More precisely, we recall the following result. 
We use the abbreviations in (2.1.1). 

Theorem 4.2 (p6||). Let (L, [,...,], a) be a multiplicative n-ary Hom-Nambu algebra. For k > 
define the (2 k (n - 1) + 1) -ary product [, ... inductively by setting 



[,-,] (0) = [,-.,], 

[ x l,2 k (n-l) + l]^ = [[ x l,2 k - 1 (n-l) + l_ 



(fe-1) ^2 fc " 1 / M(fc-l) 
',a (^2 fc - 1 (™-l)+2,2 fc (ri-l) + ljJ 



for k > 1 and Xi G L. Then 

L k = (L,[,...,]W,a 2k ) 
is a multiplicative (2 k (n — 1) + l)-ary Hom-Nambu algebra for each k > 0. 



In particular, when L is ternary, L k is (2 fc+1 + l)-ary. Therefore, combining Corollary 4.1 and 
Theorem 4.2, we obtain a sequence of Hom-Nambu algebras of different arities from a multiplicative 
Horn- Jordan algebra. 

Corollary 4.3. Let (A, /i, a) be a multiplicative Horn- Jordan algebra. For k > define the (2 fe+1 + l)- 
ary product [, ... inductively by setting 

[xi, x 2 , a; 3 ] (0) = 2 (a(xi)(x 2 x 3 ) - a(x 2 )(xix 3 )) 



as in (4.1.1) and 

[x h2 k + i +1 ] {k) = [[a; 1 ^ fc+1 ] (fe_1) ,a 2 {x 2 k +22 k+i +1 
for k > 1 and Xj G A. Then 

A k L = (A,l...r\* 2k+1 ) 
is a multiplicative (2 k+1 + \)-ary Hom-Nambu algebra for each k > 0. 



i(fc-i) 



We have A° L — Al = (A, [, ,],a 2 ) as in Corollary 4.1. Let us discuss A\ and A\ in the following 
example. 



Example 4.4. Let (A, fj,, a) be a multiplicative Horn- Jordan algebra. By Corollary 4.3 there is a 
multiplicative 5-ary Hom-Nambu algebra 



with 



Ai = (A, [,...,]« a 4 ) 



[xi, . . . ,x 5 ] (1) = [[xi, x 2 ,x 3 ], a 2 (x 4 ),a 2 (x 5 )]. 



Using multiplicativity and (4.1.1) 

[xyz] = 2 (a(x)(yz) - a(y)(xz)) , 
we can express [, ... , ]^ in terms of /i and a as: 

^[^i,5] (1) = a(a(x 1 )(x 2 x 3 ))(a 2 (x 4: x 5 )) - a 3 (x 4 ) ((a(x 1 )(x 2 x 3 ))o: 2 (x 5 )) 

- a(a(x 2 )(xix 3 ))(a 2 (x4X 5 )) + a 3 (x 4 ) ((a(x 2 )(xix 3 ))a 2 (x 5 )) 
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Likewise, by Corollary 4.3 there is a multiplicative 9-ary Hom-Nambu algebra 

Al = (A,[,...^\a*) 

with 

[xi, 9 ] (2) = [[a;i,5] (1) ,a 4 (x 6 , 9 )]W. 
One can expand [, ... , ]( 2 ) in terms of [i and a as above. There are sixteen terms in the expanded 
expression. □ 



Recall from Theorem 2.5 that the plus Hom-algebra of a multiplicative Horn-alternative algebra 



is a multiplicative Horn- Jordan algebra. Therefore, combining Theorems 2.5 and J.l, we obtain the 



following method of constructing a Horn- Jordan triple system from a Horn-alternative algebra. 
Corollary 4.5. Let {A,(i,a) be a multiplicative Horn- alternative algebra. Then 

A+ = (A,{,,},a 2 ) 



is a multiplicative Horn-Jordan triple system, where 

1 



{xyz} = 2 ( a ( x )(y z ) + a ( z )(y x )) 



(4.5.1) 



for x,y,z G A. 

Proof. The plus Hom-algebra A + = (A, *, a) is a multiplicative Horn- Jordan algebra (Theorem 



p.5[ ), where * = (/x + /i op )/2. By Theorem 3.1 there is a multiplicative Horn- Jordan triple system 
(A,{,,},a 2 ), where 

{xyz} = a(x) * (y * z) + (x * y) * a(z) — a{y) * (x * z). 

Expanding this triple product in terms of we obtain: 

4{xyz} = a(x)(yz) + a(x)(zy) + (yz)a(x) + (zy)a(x) 

+ (xy)a(z) + (yx)a(z) + a(z)(xy) + a(z)(yx) (4.5.2) 
- a(y)(xz) - a(y)(zx) - (xz)a(y) - (zx)a(y). 

Dividing the right-hand side of ( 4.5. 2[ ) into six pairs and using the anti-symmetry of the Hom- 



associator ( |2.3.1 ), we have 



a(x){zy) 


- (xz)a(y) 


= -o,sa{x, z, y) 


= as A (x,y 7 z) 7 


(yz)a(x) 


- a(y)(zx) 


= as A (y,z,x) = 


as A (x,y, z), 


(yx)a(z) 


- a(y)(xz) 


= as A (y,x,z) = 


-as A (x,y,z), 


a(z)(xy) 


- (zx)a(y) 


= -as A (z,x,y) 


= -as A (x,y,z 


a(x)(yz) 


+ (xy)a(z) 


= as A (x, y,z) + 


2a(x)(yz), 


(zy)a(x) 


+ a(z)(yx) 


= as A (z,y,x) + 


2a(z)(yx) 






= -as A (x,y,z) 


+ 2a(z)(yx). 



(4.5.3) 



The desired equality (4.5.1) is obtained by using fl4.5.3| ) in ( M-SQ . 



□ 



Combining Theorem with Corollary we obtain the following method of constructing 
a Horn-Lie triple system, and hence a ternary Hom-Nambu algebra, from a multiplicative Horn- 
alternative algebra. 
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Corollary 4.6. Let (A,/j,,a) be a multiplicative Horn-alternative algebra. Then 

A+ = (A, [,,},a 2 ) 
is a multiplicative Horn-Lie triple system, where 

[xyz] = ^[[x,y],a{z)] - as A (x,y,z) 
with [,]=// — fi op the commutator bracket of /i and as a the Hom-associator ( |2.3.1 ). 



(4.6.1) 



Proof. The multiplicative Horn- Jordan triple system A^, = (A, {,,},a 2 ) in Corollary 4.5 yields 



multiplicative Horn-Lie triple system (A, [, ,],a 2 ) (Theorem \L8\ ) with 

[xyz] = {xyz} - {yxz}. 



We must show that this triple product is equal to the one in (4.6.1). To prove this, switching x and 
y in (4.5.1), subtracting the result from (4.5.1), and using the anti-symmetry of the Hom-associator, 
we obtain: 

2[xyz] = a(x)(yz) - a(y)(xz) + a(z)(yx) - a(z)(xy) 

= -as A {x, y, z) + (xy)a(z) + as A (y, x, z) - (yx)a(z) 

+ a(z)(yx) -a(z)(xy) 
= -2as A (x,y,z) + [[x,y],a(z)}. 



The desired equality (4.6.1) now follows immediately. 



□ 



Since Horn-Lie triple systems are also ternary Hom-Nambu algebras, combining Theorem 4.2 and 



Corollary |4.6| , we obtain a sequence of Hom-Nambu algebras of different arities from a multiplicative 
Horn-alternative algebra. 

Corollary 4.7. Let (A,/j,,a) be a multiplicative Horn-alternative algebra. For k > define the 
(2 k+1 + l)-ary product [, ... ,]W inductively by setting 



[Xi,X 2 ,X 3 



|(o) = ± 



[2:1, £2], £1(0:3)] - as A (xi,x 2 ,x 3 ) 



as in (4.6.1) and 

[ x l,2 h + 1 +l. 
for k > 1 and Xi € A. Then 



(fc) 



l( fe -!) «a 



a (x 2 i 



— [Fl,2 fc +1 



+2,2 fc + 1 + l. 



l(fe-l) 



■ , j , Lt 

is a multiplicative (2 fe+1 + l)-ary Hom-Nambu algebra for each k > 0. 



We have A\° = A\ = (A, [, , ], a 2 ) as in Corollary |4~(| Let us discuss A^ 1 and A\ 2 in the 
following example. 



Example 4.8. Let (A,fi,a) be a multiplicative Hom-altcrnativc algebra. By Corollary 4.7 there is 
a multiplicative 5-ary Hom-Nambu algebra 

Af = {A, [,..., ]W, a 4 ). 



Recall from (4.6.1) that 



[xyz] = -[[x,y],a(z)] - as A (x,y,z), 
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where [, ] = fi — fj, op is the commutator bracket of /i and as a is the Hom-associator ( [2. 3.1 ). Therefore, 
we can express the 5-ary product as 

[^i,5] (1) = [[xi, x 2 , x 3 ], a 2 (x 4 ), a 2 (x 5 )} 

= ^[[[[xi 1 x 2 ],a(x 3 )},a 2 (x4)},a 3 (x 5 )} 

- ^as A ([[xi, x 2 ], a(x 3 )], a 2 (x 4 ), a 2 (x 5 )) - i[[as^(xi, x 2 , x 3 ), a 2 (x 4 )], a 3 (x 5 )] 
+ asA(asA(xi,X2,x 3 ),a 2 (x4),a 2 (x 5 )). 



Likewise, by Corollary 4.7 there is a multiplicative 9-ary Hom-Nambu algebra 



A+ 2 = (A[,-,] (2) ,a 8 ) 



with 

[xi, 9 ] (2) = [[xi, 5 ] (1) ,a 4 (x 6 , 9 )] (1) . 
One can expand [, ... , ]^ in terms of the commutator bracket, the Hom-associator, and a as above. 
There are sixteen terms in the expanded expression. □ 

5. n-ARY HOM-MALTSEV ALGEBRAS 

In this section we introduce n-ary Hom-Maltsev algebras, which simultaneously generalize n-ary 



Maltsev algebras |39J and Hom-Maltsev algebras 55 . It is shown that the category of n-ary Horn 



Maltsev algebras is closed under twisting by self-morphisms (Theorem 5.4). Using a special case 



of this result (Corollary 5.7), ternary Hom-Maltsev algebras are then constructed from composition 
algebras (Corollary 5.9). Under some mild conditions, these ternary Hom-Maltsev algebras are not 
ternary Hom-Nambu-Lie algebras. As an example, we show that the octonion algebra carries many 
different ternary Hom-Maltsev algebra structures (Example 5.10| ). The relationship between n-ary 



Hom-Maltsev algebras and n-ary Hom-Nambu-Lie algebras will be discussed in the next section. 

To motivate the definition below, recall that a Maltsev algebra (3^] (A, fi) has an anti-symmetric 
binary multiplication fi that satisfies the Maltsev identity 

J'(x,y,xz) = J'(x,y,z)x 

for x, y, z € A, where 

J'(x, y, z) = (xy)z + (zx)y + (yz)x 
is the usual Jacobian. Using anti-symmetry the Maltsev identity can be rewritten in operator form 
as 

M(x, y) = R x R xy + R xy Rx - R 2 x R y + RyRl = 0, (5.0.1) 
where R x is the right multiplication operator acting from the right, i.e., aR x = ax. 

The following definition is the n-ary Horn-version of the operator M(x,y). We use the abbrevia- 
tions in ( [2.1.1| ). 
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Definition 5.1. Let (A, [,...,], a — {ot\, . . . , a„_i)) be an n-ary Hom-algebra with n > 2. The 
n-ary Hom-Maltsevian is the (2n — l)-linear map MJ: ^4® 2 "^ 1 — > A defined as 

n 

M2(z;x 2 , n ;y2,n) = X!" 1 {[[ z > a; 2,r l ],a2^-l(a;2,i-l), [xi,V2,n],<Xi,n-l(zi+l,n)]} 
i=a 

n 

+ X! [[ a i( z )' a 2,i-i(£2,i-i), [xj,y 2 ,n],ai,n-i(zi+i,n)],ai,„-i(z2,n)] (5.1.1) 

i=2 

- [[[2, £2,n],ai,n-l(a:2,ri)]> a Lri-l(2/2,ri)] 
+ [[[2, ?/2,n], ai, n _i(x2,n)], «1,„-1 (^2,n)] 

for z,x 3 ,y k G A. 

Definition 5.2. An n-ary Hom-Maltsev algebra is an n-ary Hom-algebra A whose n-ary product 
is anti-symmetric and that satisfies the n-ary Hom-Maltsev identity M\ = 0. 



An n-ary Hom-Maltsev algebra in which all the twisting maps are equal to the identity map is 
exactly an n-ary Maltsev algebra as defined by Pozhidaev [|3Sf| . In this case, we call M\ the n-ary 
Maltsevian and M\ = the n-ary Maltsev identity. If, in addition, n = 2 then we recover the 
definition of a Maltsev algebra |3lj. It is shown in ^] (Lemma 1.1) that every n-ary Nambu-Lie 
algebra (called an n-Lie algebra there) is also an n-ary Maltsev algebra. The Horn- version of this 
fact is proved in the next section. 

In the case n = 2, using anti-symmetry the binary Hom-Maltsev identity M\ = is equivalent to 

a([[x,y], [x,z]]) = [[[x,y],a(z)],a 2 {x)} + [[[z,x],a(x)],a 2 (y)} + [[[y,z},a(x)},a 2 (x)}, 

which is equivalent to the Hom-Maltsev identity in |5a]. A Hom-Maltsev algebra as defined in 



55 is exactly a multiplicative binary Hom-Maltsev algebra as in Definition 5.2 



Our first objective is to show that the category of n-ary Hom-Maltsev algebras is closed under 
twisting by self-morphisms. We need the following observations. 

Lemma 5.3. Let (A, [,...,], a = (ax, . . . , a n _i)) be an n-ary Hom-algebra and /3: A — >• A be a 
morphism. Define [, ... , ]p = /?[, ...,], /3a = (0oex, ■ ■ ■ , /3a„—i), and the n-ary Hom-algebra 

A fj = (A, [,...,} p ,(3a). 

Then the following statements hold. 

(1) If A is multiplicative, then so is Ap. 

(2) If [, ... ,] is anti- symmetric, then so is [, ... ,]p. 

(3) Ml & =fPM% 

Proof. All three statements are immediate from the definitions. □ 

The following result is an immediate consequence of Lemma 

Theorem 5.4. Let (A, [, ... ,],a= (a%, . . . ,a n -\)) be an n-ary Hom-Maltsev algebra and ft: A — > A 
be a morphism. Then Ap = (A, [, ... ,]p,[3a), in which 

[,...,]p=f3[,.,.,] and (3a = (fSat, . . . , /3a„_i), 

is also an n-ary Hom-Maltsev algebra. Moreover, if A is multiplicative, then so is Ap. 
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In other words, Theorem 5.4 says that the category of n-ary Hom-Maltsev algebras is closed 



under twisting by self-morphisms. The corresponding closure property for n-ary Hom-Nambu(-Lie) 



algebras can be found in 56 . Other Hom-type algebras can also be shown to have the same kind 
of closure property. We emphasize that this closure property is unique to Hom-type algebras, since 
ordinary algebras are usually not closed under twisting by morphisms. In fact, under twisting by 



sclf-morphisms, an ordinary algebra should give rise to a Hom-type algebra, as in Corollary 5.7 
below. Such a twisting result for Hom-type algebras was first proved by the author in . 

Let us discuss some special cases of Theorem [T4|. 

Corollary 5.5. Let (A, [, ... ,],a) be a multiplicative n-ary Hom-Maltsev algebra. Then 

A a = (A, [,...,]„ =a[, ...,], a 2 ) 

is also a multiplicative n-ary Hom-Maltsev algebra. 



Proof. This is the special case of Theorem pA\ with j3 — a. □ 

Using Corollary |5.5| repeatedly, we obtain the following result. 
Corollary 5.6. Let (A, [, ... ,],a) be a multiplicative n-ary Hom-Maltsev algebra. Then 

A k = (A, [ ) ...,] h = a?- 1 [, ...,], a 2 ") 
is also a multiplicative n-ary Hom-Maltsev algebra for each k > 0. 

Corollary 5.7. Let (A, [, ... ,]) be an n-ary Maltsev algebra and (3 : A — > A be a morphism. Then 

Ap = {A, [,...,]£ =/3[, ...,],/?) 
is a multiplicative n-ary Hom-Maltsev algebra. 

Proof. This is the special case of Theorem [5.4| with a,; = Id for alii. □ 



Using Corollary 5.7 one can construct n-ary Hom-Maltsev algebras from n-ary Maltsev algebras. 



We now discuss how ternary Hom-Maltsev algebras arise from composition algebras. 

Let us first recall the definition of a composition algebra, which comes up in connection with 
the Cayley-Dickson double construction. For example, the octonion algebra can be constructed as 
a double of the quaternion algebra, which in turn can be constructed as a double of the complex 
numbers. The reader may consult, e.g., (Appendix 21B) for discussion of composition algebras. 

Definition 5.8. Let (A, u) be a binary unital algebra with multiplicative identity 1. 

(1) An involution *: A — » A on A is an anti-automorphism of order 2, i.e., * ^ Id is a linear 
automorphism such that (x*)* = x and (xy)* — y*x* for all x, y G A. 

(2) We say that A is a composition algebra with involution * if * is an involution on A 
such that 

(a) xx* — x*x G kl for all x £ A, and 

(b) the symmetric bilinear form on A 



(x,y) = ^(xy* +yx*)ekl (5.8.1) 



is non-degenerate. 
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If Q(x) denotes the quadratic form Q(x) — xx* £ kl, then the symmetric bilinear form (5.8.1) 
becomes 

(x,y) = l(Q(x + y)-Q(x)-Q(y)). 



The quadratic form Q is usually called the norm on A. The following consequence of Corollary 5.7 
tells us how to construct ternary Hom-Maltsev algebras from composition algebras. It extends some 
results due to Pozhidaev p9| . 

Corollary 5.9. Let (A,*) be a composition algebra with involution * and a: A — > A be an algebra 
morphism that commutes with * and preserves the multiplicative identity of A. Then 

M(A) a = (A, [,,]„, a) 

is a multiplicative ternary Hom-Maltsev algebra, where 

[xyz] a = a((xy*)z) - (y, z)a{x) + (x, z)a(y) - (x, y)a(z). 

Moreover, if dmi(A) > 5 and a is injective, then M{A) a is not a ternary Hom-Nambu-Lie algebra. 

Proof. Pozhidaev proved in [^9| (Theorem 2.3) that M(A) = (A, [, ,]) is a ternary Maltsev algebra, 
where 

[xyz] = (xy*)z - (y, z)x + (x, z)y - (x, y)z. 
Moreover, Pozhidaev proved in [|9| (Theorem 3.1) that, if dim(^4) > 5, then M(A) is not a ternary 
Nambu-Lie algebra, i.e., the ternary Jacobian J^ia) ^ ^ ne assumptions on a imply that 

Q(a(x)) = xx* — Q(x) 

for all x £ A, which in turn implies that 

(a(x),a(y)) = (x,y) 

for all x,y £ A. It follows that a: M(A) — » M(A) is a morphism of ternary Maltsev algebras. The 



first assertion now follows from the n = 3 case of Corollary 5.7 



For the second assertion, observe that the ternary Horn- Jacobian of M (A) a = (A, [, , ] a = a[, , ], a) 

and the ternary Jacobian of M(A) are related as 

7 3 _ 2 j3 
J M(A) a — a J M(A)- 

If dim(A) > 5, then Jfj/ A \ ^ 0, which implies that J^ia) 7^ if a is injective. So in this case 
M(A) a does not satisfy the ternary Hom-Nambu identity and hence is not a ternary Hom-Nambu-Lie 
algebra. □ 



In the following example, using Corollary 5.9 we show that the octonion algebra carries many 



different ternary Hom-Maltsev algebra structures that are not ternary Hom-Nambu-Lie algebras. 

Example 5.10. The octonion algebra O [l2| is the eight-dimensional alternative (but not 

associative) algebra with basis {ep, . . . , e?} and the following multiplication table: 
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A 4 


eo 


ei 


e2 


e3 


e 4 


es 


ee 


e 7 


eo 


eo 


ei 


e2 


e3 


e 4 


es 


e6 


e 7 


ei 


ei 


-eo 


e 4 


e 7 


-e 2 


e6 


-es 


-es 


&2 


e2 


-e 4 


-eo 


es 


ei 


-e3 


e 7 


-e 6 


e3 


e3 


-e7 


-es 


-eo 


ee 


e2 


-e 4 


ei 


e 4 


e 4 


e2 


-ei 


-ee 


-eo 


e 7 


e3 


-es 


es 


es 


-ee 


e3 


-e2 


-e 7 


-eo 


ei 


e 4 


e6 


e6 


es 


-e 7 


e 4 


-es 


— d 


-eo 


e2 


e 7 


e7 


e 3 


e 6 


-ei 


es 


-e 4 


— e2 


-eo 



For an octonion x = 53i=o with each 6$ G k, its conjugate is defined as the octonion 



7 

E< 

i=l 



^oeo - y ' &iei. 



The octonion algebra O is a composition algebra with involution given by conjugation 
21B.16). 



(Remark 



(5.10.1) 



To use Corollary 5.9 on O, consider, for example, the algebra automorphism a: O — > O given by 

ot(e ) — e , a(ei) = e 5 , a(e 2 ) = e 6 , a(e 3 ) = e 7 , 

a(e 4 )=ei, a(e 5 ) = e 2 , a(e 6 ) = e 3 , a(e 7 ) = e 4 . 

This map a preserves the multiplicative identity eo and commutes with conjugation. By Corollary 
5.9 there is a multiplicative ternary Hom-Maltsev algebra 

M(0) a = (O, [„]«,«) 

that is not a ternary Hom-Nambu-Lie algebra. Moreover, (O, [, , ] Q ) is not a ternary Maltsev algebra. 
Indeed, one can check that the ternary Maltsevian of (O, [, ,] Q ) satisfies 

M 3 (ei; e 2 , e 4 ; e 6 , e 7 ) = -e 2 - e 5 ^ 0. 

Therefore, (O, [, ,] Q ) does not satisfy the ternary Maltsev identity. 



There is a more conceptual description of the algebra automorphism a in (5.10.1). Note that ei 
and e2 anti-commute, and e 3 anti-commutes with e\, e 2 , and eie 2 — e 4 . Such a triple (ei,e2,e3) 
is called a basic triple in 0). Another basic triple is (es,e6,e 7 ). Then a in ( 5.10.1| ) is the unique 
automorphism on O that sends the basic triple (ei, e 2 , e 3 ) to the basic triple (es, ee, e 7 ). 

If we take any two basic triples involving only the basis elements {ei, . . . , e 7 }, then there is a 
unique automorphism /3 on O that takes one to the other. Such an automorphism must preserve 



the multiplicative identity and commute with conjugation. Corollary 5.9 can then be applied to 
yield a multiplicative ternary Hom-Maltsev algebra M(0) l a that is not a ternary Hom-Nambu-Lie 
algebra. □ 



6. n-ARY Hom-Nambu-Lie and Hom-Maltsev algebras 



In this section, we establish two properties of ro-ary Hom-Maltsev algebras. First, we show 
that every multiplicative n-ary Hom-Nambu-Lie algebra is also a multiplicative n-ary Hom-Maltsev 
algebra (Theorem |6.2| ). This is a Horn- type generalization of a result of Pozhidaev |}9) (Lemma 
1.1). Second, we show that under some conditions an n-ary Hom-Maltsev algebra reduces to an 



(n — l)-ary Hom-Maltsev algebra (Theorem 6.4). This is also a Horn-type generalization of a result 
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of Pozhidaev |39| (Lemma 1.2). The Hom-Nambu(-Lie) analogue of this reduction result can be 
found in |56fl . 

To show that multiplicative n-ary Hom-Nambu-Lie algebras are n-ary Hom-Maltsev algebras, we 
need the following observation about the relationship between the n-ary Hom-Jacobian (2.9.1) and 
the n-ary Hom-Maltsevian ( |5.1.1 ). Recall the abbreviations in ( [2.1.l| ). 

Lemma 6.1. Let (A, [,...,], a) be a multiplicative n-ary Rom-algebra with [,...,] anti- symmetric. 
Then we have 

Mj L (z;x 2 ,„;y2,7 l ) = (-l)™J2(a(t/ 2 , n ); [z,x 2 ,n],a(x2, n )) 

+ (-l)"[Jlfen;^l2,n),a 2 (l2,n)] 

for all z,x 2 ,...,x n ,y 2 ,...,y n 6 A. 
Proof. By anti-symmetry we have 

n 

(-l)"J2(y 2 ,„;Xl, n ) = ^ [d!(xi,i_l), [Xj, y 2 , n ], a(Xj + i, n )] - [[Xi,„],a(?/2,n)]- (6.1.1) 
i=l 

Write w for [z, x 2 .„]. Starting from ( |6. 1.1 ), if we replace y 2i „ by a{y 2 _ n ), xi by w, and x 2 ,n by a(x2, n ) 
and use multiplicativity, then we obtain 

n 

(-l) n J2(a(y2,„);w, a(x 2 ,„)) = a {[w, a(x 2 ,i-i), [xi,y2,n],at(xi+i,n)]} 

(6-1.2) 

- [[w, a(x 2 , n )], a 2 {V2,n)] + [[w, a(y 2 , n )], a 2 (x 2 ,„)]. 
On the other hand, starting from ( |6.1.1 ), if we replace x\ by z and then take the product with 
a 2 (x2 jn ), then we obtain 

n 

(-l)"[J^(y 2 ,™; z, x 2 , n ), a 2 {x2,n)\ = V" [["(x) , a(x 2 ,i-i ) , [x i; y 2 ,n], a(x i+1 . n )}, a 2 (x 2 . n )} 

i (6.1.3) 

+ [[[^,2/ 2 .r l ],a(x 2j „)],a 2 (x 2 ,„)] - [[w, a(y 2 , n )], a 2 (^2,n)]- 

The desired equality now follows by ad ding (|3.1.2 ) and ( 6.1.3| ) and comparing the result with the 
definition of the n-ary Hom-Maltsevian ( 5.1.1 ). □ 

In an n-ary Hom-Nambu-Lie algebra, the n-ary Hom-Jacobian is equal to 0. Therefore, using 
Lemma 6.1 we obtain immediately the following result. 

Theorem 6.2. Let [L, [, ... ,],ot) be a multiplicative n-ary Hom-Nambu-Lie algebra. Then L is also 
a multiplicative n-ary Hom-Maltsev algebra. 



Note that the converse of Theorem 6.2 is false. Indeed, as we have shown in Corollary 5.9 and 
Example 5.10, there are multiplicative ternary Hom-Maltsev algebras that are not ternary Hom- 
Nambu-Lie algebras. 

For the reduction result, we need the following observations. 

Lemma 6.3. Let [A, [,...,], a = (cci, . . . , a n _i)) be an n-ary Hom-algebra with n > 3. Suppose 
a e A satisfies 

(1) a n _i(a) = a and 

(2) [a, y 2 ,n-i,a] = for all y 2 , . . . ,y n -i e A. 
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Consider the (n — V)-ary Rom-algebra A' = (A, [, ... , ]', a') with 

[xi, n -i]' = [xi, n -i,a] and a' = (ai, . . . , a n -2)- 
Then the following statements hold. 

(1) If [, ... ,] is anti- symmetric, then so is [, ... ,]'. 

(2) //A is multiplicative, then so is A'. 



(3) The Hom-Maltsevians (5.1.1) of A and A' are related as 

/or a// z,x 2 ,...,2; n _i,y2,---,2M-i 6 -A- 

Proof. The first two assertions are immediate from the definition of [,...,]' and the assumption 
a„_i(a) = a. For the last assertion, substitute x n — y n = a in the n-ary Hom-Maltsevian 
M\(z; X2 t n', 2/2, n) of A ( |5.1.l[ ). In the first two sums in ( |5.1.l| ), the i — n terms both involve 

[XmV2,n] = [o,J/2 jn _i,o], 

which is equal to by assumption. The remaining terms give the (n — l)-ary Hom-Maltsevian of 
A'. □ 



Using Lemma 6.3 we now have the following reduction result. 

Theorem 6.4. Let (A, [,...,], a — (a%, . . . , a n _i)) be an n-ary Hom-Maltsev algebra with n > 3. 
Suppose a E A satisfies a n _i(a) = a. TTien A' = (A, [,...,]', a'), in which 

[xi, n -i]' = [xi, n _i,a] and a' = (ai, . . . , a„_ 2 ), 
is an (n — \)-ary Hom-Maltsev algebra. Moreover, if A is multiplicative, then so is A'. 

Proof. This follows from Lemma |3.3| because [a, 7/2, n-i, a] = by the anti-symmetry of [,..., ]. □ 



Using Theorem 6A repeatedly, we obtain the following reduction result from n-ary Hom-Maltsev 
algebras to (n — /c)-ary Hom-Maltsev algebras. 

Theorem 6.5. Let (A, [,...,], a — (a%, . . . , a n _i)) &e an n-ary Hom-Maltsev algebra with n > 3. 
Suppose 01, . . . , afe S A im'i/i fc < n — 2 satisfy a n _j(ai) = a* /or eac/i i £ {1, . . . , fc}. TTien 

A fc = (A, [,...,]«, (ai,..., a„_ fe _i)), (6.5.1) 

is an (n — k)-ary Hom-Maltsev algebra, where 



a;i,n-fc] (fc) = [xi.n-fe, afe, afc-i, ■ • ■ , a 



k 



for all x\, . . . , x n ~k S A. Moreover, if A is multiplicative, then so is A 

The condition a n -i(ai) = a, holds automatically if a„_i = Id. Therefore, we have the following 
special case of Theorem |6~5| . 

Corollary 6.6. Let (A, [,...,], a — («i, . . . , a n _i)) be an n-ary Hom-Maltsev algebra with n > 3 
swc/i that a n -i — Id for i £ {!,...,&} /or some k < n — 2. TTien /or ant/ elements ai, . . . , a& G A, 



A fc m (6.5.1) is an (n — k)-ary Hom-Maltsev algebra. 



Combining Corollary 5.9 and Theorem p.4|, we have the following method of constructing a Hom- 



Maltsev algebra from a composition algebra. 
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Corollary 6.7. Let (A,*) be a composition algebra with involution * and a: A — > A be an algebra 
morphism that commutes with * and preserves the multiplicative identity of A. Suppose a G A 
satisfies a(a) — a. Then 

M(A)' a = (A,[,]' a ,a) 
is a multiplicative binary Hom-Maltsev algebra, where 

i x > y]' a = { a ( x V*) ~ (x,y)}a- (V, a)a{x) + (x, a)a(y). 
for all x,y S A and (x,y) is the symmetric bilinear form in ( |5.8.1 ). 



With a being the multiplicative identity 1 of A, we have the following special case of Corollary 



Corollary 6.8. Let (^4,*) be a composition algebra with involution * and a: A — > A be an algebra 
morphism that commutes with * and preserves the multiplicative identity 1 of A. Then 

M(A)> a = (A, l]' a , a) 

is a multiplicative binary Hom-Maltsev algebra, where 

[x, y]' a = a{xy*) - (x, y) - (y, l)a(x) + (x, l)a(y). 

for all x, y G A. 



Example 6.9. Recall from Example 5.1C the octonion algebra O, which is an eight-dimensional 
composition algebra with involution given by conjugation. Let a: O — > O be any algebra morphism 
that commutes with conjugation and preserves the multiplicative identity eo, such as the map in 
(3.10.1). The multiplicative binary Hom-Maltsev algebra M(0)' a = (O, [, ]' a ,a) in Corollary 3.8 is 
given by 

[x, y]' a = a(xy) - (x, y) - Re(y)a{x) + Re(x)a(y), 

where 

Re(x) = (x,e ) = b e 

if x = J2i=o b i e * with b i S k. □ 



References 

[1] F. Ammar, A. Makhlouf, and S. Silvestrov, Ternary g-Virasoro-Witt Hom-Nambu-Lie algebras, 
arXiv:1002.4116vl. 

[2] J. Arnlind, A. Makhlouf, and S. Silvestrov, Ternary Hom-Nambu-Lie algebras induced by Horn-Lie algebras, to 

appear in J. Math. Phys., arXiv:0912.0116. 
[3] H. Ataguema, A. Makhlouf, and S. Silvestrov, Generalization of n-ary Nambu algebras and beyond, J. Math. 

Phys. 50, no. 8 (2009), 083501. 
[4] J.C. Baez, The octonions, Bull. Amer. Math. Soc. 39 (2002) 145-205. 

[5] J. Bagger and N. Lambert, Gauge symmetry and supersymmetry of multiple M2-branes, Phys. Rev. D 77 (2008), 
no. 6, 065008, 6 pp. 

[6] I. Bars and M. Giinaydin, Construction of Lie algebras and Lie superalgebras from ternary algebras, J. Math. 
Phys. 20 (1979) 1977-1993. 

[7] I. Bars and M. Giinaydin, Dynamical theory of subconstituents based on ternary algebras, Phys. Rev. D 22 
(1980) 1403-1413. 

[8] W. Bertram, The geometry of Jordan and Lie structures, Lectures Notes in Math. 1754, Springer, Berlin, 2000. 

[9] C.-H. Chu, Jordan triples and Riemannian symmetric spaces, Adv. Math. 219 (2008) 2029-2057. 
[10] T.L. Curtright, D.B. Fairlie, and C.K. Zachos, Ternary Virasoro-Witt algebras, Phys. Lett B 666 (2008) 386-390. 
[11] V.T. Filippov, n-Lie algebras, Sib. Mat. Zh. 26 (1985) 126-140. 



ON ra-ARY HOM-NAMBU AND HOM-MALTSEV ALGEBRAS 



2.3 



M, Giinaydin, N = 2 superconformal algebras and Jordan triple systems, Phys. Lett. B 255 (1991) 46-50. 

M. Giinaydin and S. Hyun, Ternary algebraic construction of extended superconformal algebras, Modern Phys. 

Lett. A 6 (1991) 1733-1743. 

M. Giinaydin and S. Hyun, Ternary algebraic approach to extended superconformal algebras, Nuclear Phys. B 
373 (1992) 688-712. 

J.T. Hartwig, D. Larsson, and S.D. Silvestrov, Deformations of Lie algebras using cr-derivations, J. Algebra 295 
(2006) 314-361. 

N. Jacobson, Lie and Jordan triple systems, Amer. J. Math. 71 (1949) 149-170. 

I. L. Kantor, Classification of irreducible transitive differential groups, Dokl. Akad. Nauk SSSR 158 (1964) 1271- 
1274. 

W. Kaup, Uber die Klassifikation der symmetrischen hermiteschen Mannigfaltigkciten unendlichcr Dimension. 

II, Math. Ann. 262 (1983) 57-75. 

W. Kaup, A Ricmann mapping theorem for bounded symmetric domains in complex Banach spaces, Math. Z. 
183 (1983) 503-529. 

F.S. Kerdman, Analytic Moufang loops in the large, Alg. Logic 18 (1980) 325-347. 

R. Kerner and L. Vainerman, On special classes of n-algebras, J. Math. Phys. 37 (1996) 2553-2565. 

M. Kocchcr, Imbedding of Jordan algebras into Lie algebras. I, Amer. J. Math. 89 (1967) 787-816. 

E.N. Kuz'min, The connection between Mal'cev algebras and analytic Moufang loops, Alg. Logic 10 (1971) 1-14. 

W.G. Lister, A structure theory of Lie triple systems, Trans. Amer. Math. Soc. 72 (1952) 217-242. 

O. Loos, Symmetric spaces. I: General theory, W. A. Benjamin, New York- Amsterdam, 1969. 

O. Loos, Jordan triple systems, R-spaces, and bounded symmetric domains, Bull. Amer. Math. Soc. 77 (1971) 

558-561. 

A. Makhlouf, Horn-alternative algebras and Hom-Jordan algebras, arXiv:0909.0326. 

A. Makhlouf, Paradigm of nonassociativc Hom-algcbras and Hom-supcralgcbras, arXiv:1001.4240vl. 

A. Makhlouf and S. Silvestrov, Hom-algcbra structures, J. Gen. Lie Theory Appl. 2 (2008) 51-64. 

A. Makhlouf and S. Silvestrov, Hom-algcbras and Hom-coalgcbras, to appear in J. Algebra Appl., 

arXiv:0811.0400v2. 

A.I. Mal'tsev, Analytic loops, Mat. Sb. 36 (1955) 569-576. 

K. Meyberg, Jordan- Tripelsysteme und die Koecher-Konstruktion von Lie-Algebren, Math. Z. 115 (1970) 58-78. 

K. Meyberg, Lectures on algebras and triple systems, Lecture Notes, Univ. of Virginia, Charlottesville, 1972. 

H.C. Myung, Malcev-admissiblc algebras, Birkhauscr, Boston, MA, 1986. 

P.T. Nagy, Moufang loops and Malcev algebras, Sem. Sophus Lie 3 (1993) 65-68. 

Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D 7 (1973), 2405-2412. 

S. Okubo, Introduction to octonion and other non-associative algebras in physics, Cambridge Univ. Press, 
Cambridge, UK, 1995. 

N.G. Pletnev, Filippov-Nambu n-algebras relevant to physics, Sib. Elektron. Mat. Izv. 6 (2009) 272-311. 
A. P. Pozhidacv, n-ary Mal'tsev algebras, Alg. Logic. 40 (2001) 170-182. 

L.H. Rowen, Graduate algebra: Noncommutativc view, Amer. Math. Soc, Providence, R.I., 2008. 
L.V. Sabinin, Smooth quasigroups and loops, Kluwer Academic, The Netherlands, 1999. 
R.D. Schafer, An introduction to nonassociative algebras, Dover, New York, 1996. 

J. Tits, Une classe d'algebres de Lie en relation avec les algebres de Jordan, Indag. Math. 24 (1962) 530-535. 
D. Yau, Enveloping algebras of Horn-Lie algebras, J. Gen. Lie Theory Appl. 2 (2008) 95-108. 
D. Yau, Hom-algcbras and homology, J. Lie Theory 19 (2009) 409-421. 

D. Yau, Hom-bialgcbras and comodule Hom-algebras, to appear in Int. Electron. J. Algebra, arXiv:0810.4866. 
D. Yau, Hom-Novikov algebras, arXiv:0909.0726. 

D. Yau, The Horn- Yang-Baxter equation, Horn-Lie algebras, and quasi-triangular bialgebras, J. Phys. A 42 
(2009) 165202 (12pp). 

D. Yau, The Horn- Yang-Baxter equation and Horn-Lie algebras, arXiv:0905.1887. 

D. Yau, The classical Horn- Yang-Baxter equation and Horn-Lie bialgebras, arXiv:0905.1890. 

D. Yau, Infinitesimal Horn- bialgebras and Horn-Lie bialgebras, arXiv:1001.5000. 

D. Yau, Horn-quantum groups I: quasi-triangular Hom-bialgebras, arXiv:0906.4128. 

D. Yau, Horn-quantum groups II: cobraided Hom-bialgebras and Horn-quantum geometry, arXiv:0907.1880. 
D. Yau, Horn-quantum groups III: representations and module Hom-algcbras, arXiv:0911.5402. 
D. Yau, Hom-Maltscv, Hom-altcrnativc, and Hom-Jordan algebras, arXiv: 1002.3944. 
D. Yau, On n-ary Hom-Nambu and Hom-Nambu-Lie algebras, arXiv: 1004.2080. 



24 



DONALD YAU 



Department of Mathematics, The Ohio State University at Newark, 1179 University Drive, Newark, 
OH 43055, USA 

E-mail address: dyauOmath.ohio-state.edu 



